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Inconsistencies arising when the noise influence depends on the random state 
 
(“multiplicative noise”) were recently removed by the claim that the density of 
 
the Ito paths is given by the forward equation of the “anti-Ito” case. That change 
 
of the theory is now traced back to the role of the squared increment of the  
 
Wiener process: use of its most probable value (zero) readily confirms the claim,  
 
while the usual expectation dt  causes the failures.    
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I.  Introduction  
 
 
Applying stochastic differential equations (SDE) [1-5] or Langevin equations suffers from 
 
two problems when the noise is multiplicative: the “integration sense” (Ito, Stratonovich etc.) 
 
is arbitrary, and physical examples met with contradictions, like the “Ito or Stratonovich 
 
dilemma” [6]. The recent paper [7] pointed out some mathematical inconsistencies concerning 
 
the probability current at the maximum of the path density, and it solved them heuristically by  
 
the claim that the Ito integration applies for the paths, while their density obeys the forward or 
 
Fokker-Planck equation (FPE) of the anti-Ito case. This removes the problems. 
 
 
The purpose of the present paper is to show that the key point is the role of the squared 
 
increment of the Wiener process, as it arises in the derivation of the conditional increments  
 
of the random paths. In the existing theory it is replaced by the expectation dt , and this  
 
gives rise to the “spurious drift” and to the stochastic calculus. On the other hand, replacing 
 
it by the most probable value ( 0= ) discards the spurious drift, and this immediately  
 
reduces the path increments to the Ito case and the FPE to its anti-Ito form. The main result  
 
of [7] is thus recovered in a much simpler way.  
 
The inconsistencies are thereby removed, and Langevin equations are now more widely  
 
applicable in physics. The new relationship between the paths and their density should  
 
furthermore be relevant in filtering and stochastic control.   
 
 
 
II.  Background   
 
 
The continuous Markov process )(tXr  is assumed to fulfill the stochastic differential  
 
equation (SDE) 
 
      k
ikii dWXbdtXadX )()(
rr
+=        or     WdXBdtXaXd
rrrrr )()( +=                             (2.1) 
 
with smooth functions )(,)( xbxa iki rr . The drift ar  is supposed to be independent of the  
 3 
 
noise. As usual,  (2.1)  denotes an integral equation, with the “integration sense” specified  
 
by α  ( 10 ≤≤ α ; “Ito” for 0=α , “Stratonovich” for 2/1=α  and “anti-Ito” for 1=α ).  
 
The Wiener processes )(tWk  are Gaussian distributed, with 0)0()( =>−< kk WtW  and 
 
tWtW kk =>−<
2)]0()([ ; they are independent of each other.   
 
The existing expression for the increments, with given xtX r
r
=)(  and 0≥dt , is  
 
      )()()()()( dtodtxaWdxBdtxaxdttX Sp +++=−+
rrrrrrrr
α    ,                                            (2.2) 
 
see [1-5,8], where  )()(: tWdttWWd rrr −+= , and with the “spurious” drift  
 
      )()(:)( , xbxbxa kjkijSpi rrr =  = ikTk BB )( ,  .                                                                          (2.3) 
 
An essential role is played by the “diffusion matrix” 
 
      )()(:)( xBxBxD T rrr =  .                                                                                                      (2.4)  
 
In [7] it was shown that Spa
r
 is typically given by the xr - dependence of )(xD r : 
 
      2/, kikSpi Da =  .                                                                                                              (2.5)  
 
According to the standard literature the density ),( txw r  of )(tXr  (i.e. of the leading 
 
points of the random paths) is determined by the “forward equation” 
 
     ik
ik
Sp
ii
t wDwaaw ,,, ])()2/1()([ ++−= α                                                                        (2.6)                                 
 
which is of the Fokker-Planck type. By  k
ik
k
ik
k
ik wDwDwD
,
,
,
)( +=  and  (2.5) it 
 
can be written as 
 
      }2/])1([{
,
wDwaaw Spt ∇+−+−⋅∇=
rr
α  .                                                                     (2.7) 
 
With the probability current  
 
      2/])1([:),( wDwaatxJ Sp ∇−−+=
rrr
α                                                                            (2.8) 
 
it becomes the continuity equation  0
,
=⋅∇+ Jw t
r
.  
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III.   The origin of the spurious drift  
 
 
Recall how Spa
r
 enters into the increment  (2.2) . In the standard derivation of  (2.2) (see  
 
e.g. [8]) the SDE is solved by successive approximation, starting with  =∆Xr   
 
WdxBdtxa
rrrr )()( +  and retaining only the contributions of the order )(dtO or larger. The  
 
first iteration yields a term involving kidWdW , and this is replaced by the expectation  
 
( dt=  for ki =  and zero otherwise). This results in the spurious drift Spa
r
. It is also possible  
 
to use the most probable value of 2)(dW , which is easily seen to vanish, since dW  is  
 
Gaussian (the density of 2)(dW  even diverges at zero). This eliminates the spurious drift,  
 
and the iterations have no effect.  
 
Note that with 0)( 2 =dW  [or rather )(dto ] the stochastic calculus reduces to the ordinary  
 
one, and Ito’s theorem does not apply.   
 
 
 
IV.  The paths and the FPE without the spurious drift   
 
 
Without Spa
r
 the path increment  (2.2)  reduces to the Ito case 
 
      WdxBdtxaX
rrrrr )()( +=∆  ,                                                                                              (4.1) 
 
and the FPE  (2.7)  becomes 
 
      )2/(
,
wDwaw t ∇+−⋅∇=
r
  ,                                                                                          (4.2) 
 
which formally amounts to setting 1=α . This was claimed in [7]  (there the argument 
 
was more complicated, as it involved the “noise-generated drift” and its addition to the  
 
path increments). It was further pointed out that the path increments are related with the 
 
maximum of the density, rather than with its mean, as in the textbook theory. More  
 
precisely, it was shown that the short-time solution of  (4.2)  with an initial deltafunction 
 
(the “propagator”) is an oblique function with a maximum moving along ar , and this 
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agrees with  (4.1)  when the Gaussian deviations WdxB rr)( are disregarded (the noiseless 
 
motion is the most probable prediction). The mean, however, is related with the asymmetric  
 
tails, and these are irrelevant for the mean square integration of the path increments. 
 
 
Further results of [7] concern the steady solutions of  (4.2) : their maximum is on the  
 
attractor of )(xa rr  (by the “eikonal equation”), moreover they agree with any (nonlinear) 
 
change of the variables, which is important for equilibrium states in physics.  
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